We formulate in general terms the equations for axisymmetric and fully 3D models of a hydrocephalic brain. The model is developed using small strain poroelasticity that includes non-linear permeability. The axisymmetric model is solved for four ventricle shapes, an ellipsoid, a 'peanut' shape, a 'cross' shape and a 'bone' shape. The distribution of fluid pressure, velocity and content in the deformed parenchyma for a blocked aqueduct provides new qualitative insight into hydrocepahlus. Some observations are offered for two forms of cerebrospinal fluid flow abnormality, normal pressure hydrocephalus and idiopathic intracranial hypertension. The model is extended to include a gravitational term in the governing equations and the effect of hydrostatic pressure variation is considered. Results of a fully 3D simulations are described for two horn-like lateral ventricles and one case with two lateral ventricles and a third ventricle.
Introduction
In a companion paper, Sobey and Wirth (2006) , denoted SW, poroelastic model of the hydrocephalic brain was developed that included non-linear permeability in a spherically symmetric geometry. The spherically symmetric model can be viewed as a continuation of modelling started by Hakim et al. (1976) and developed further by a number of workers, in particular Nagashima et al. (1987) , Kaczmarek et al. (1997) , Tenti et al. (1999) , Levine (1999) and Smillie et al. (2005) . Relatively simple spherically symmetric models have an important role in studying hydrocephalus since they provide a great deal of physical intuition about general processes, allow examination of parameter values and e.g. gross effect of treatment such as shunting. There are, however, many effects which cannot begin to be studied using spherical symmetry so there is a need for models which are geometrically more complicated. In this paper, we consider consequences from modelling the ventricles as first, a single axisymmetric, but nonspherical, cavity contained within a spherical skull and second, as multiple fully 3D cavities within a non-spherical skull.
Of course it might be thought that two modelling approaches are either full geometric simplicity (spherical symmetry) or full geometric fidelity (fully 3D geometry), but we think that there is also value from using models with axisymmetry since such models continue to give physical understanding beyond that from spherically symmetric models without requiring the immense computing resources needed to obtain solutions to fully 3D models.
In considering an axisymmetric model, we assume that the skull is spherical and that at the centre of the brain, the ventricles are amalgamated to form a single cavity. In a spherically symmetric case, the cavity is itself spherical. In this model, the cavity is assumed to have axisymmetry, e.g. an ellipsoid, see Fig. 1(a) . In a spherical model, the flow is always radial and there is no angular variation of dependent variables. In an axisymmetric model, the flow varies with the azimuthal angle and so results can provide insight into non-uniform flow distributions and non-uniform fluid content. We use a number of inner ventricle shapes, both convex and non-convex. A 2D finite-element model of a lateral ventricle being deformed has been given by Taylor and Miller (2004) who assumed zero pressure at the outer boundary with 3 kPa transparenchymal pressure difference and predicted the deformed shape of the ventricle and the spatial distribution of stress and fluid content.
In a fully 3D model, it is possible to simulate individual lateral ventricles as well as the third ventricle. The outer shape of the brain can be altered to be non-spherical, and we can compute solutions in a partial sphere so as to reflect that the brain occupies only the upper part of the cranium. As in SW, for both the axisymmetric and 3D models, the presence of the aqueduct is assumed not to have a local effect on the elastic deformation of the parenchyma.
The plan of the paper is that we briefly set out the equations in general terms and the numerical procedure to solve the governing equations before considering results. In Smillie et al. (2005) , one of the poroelastic parameters, the Biot-Willis parameter, had unit value, and so the reference pressure at which the underlying matrix is stress-free did not occur in the equations. In SW and here, the Biot-Willis parameter can take non-unit values so we examine a number of possibilities for a reference pressure. The axisymmetric model is solved for four ventricle shapes, an ellipsoid, a 'peanut' shape, a 'cross' shape and a 'bone' shape. We examine the distribution of fluid pressure, velocity and content in the deformed parenchyma for a blocked aqueduct, and we consider the effect of shunting. Some observations are offered for two forms of cerebrospinal fluid (CSF) abnormality, normal pressure hydrocephalus (NPH) and benign intracranial hypertension. The effect of including gravity in the governing equations is also considered. Results of 3D simulations are described for two horn-like lateral ventricles and one case with two lateral ventricles and a third ventricle.
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Model equations and their solution
Model equations
The computational effort of numerical simulations can be limited by using an axisymmetric geometry: we approximate the brain as a sphere of radius c (an ellipsoidal shape for the brain is considered later on) with an axisymmetric cavity at its centre, representing the ventricles. The ventricle wall is specified by a function f of the azimuthal angle θ (compare Fig. 2 ): r = f (θ).
(2.1)
This form is simple, yet flexible enough to allow for quite complex (e.g. non-convex) ventricle shapes. However, to investigate effects of a non-spherical brain shape or non-symmetric ventricles, we shall also implement the model in several fully 3D geometries with no symmetry requirement. The lack of precise anatomical and physical data about the brain tissue prevents our model from yielding accurate quantitative predictions, hence in that case we are more concerned with qualitative results. Nevertheless, when sufficient experimental data are available, such 3D models may eventually be incorporated into hydrocephalus treatment simulations used by neurosurgeons to predict and evaluate therapy.
In both, the axisymmetric and fully cases, the system of aqueduct and subarachnoid space is modelled as in SW and Smillie et al. (2005) , a thin tube connecting the outside of the brain with the inner ventricles where we assume that the aqueduct does not introduce any localised anisotropy to the brain parenchyma or that its presence has any effect on local deformation.
The deformation of the brain and the CSF flow are modelled using linear, quasi-steady poroelasticity, i.e. inertial terms are considered negligible due to the comparatively long timescale of hydrocephalus development, and oscillations on timescales of heart beat or breathing are neglected. Then the stress equilibrium inside the brain takes the form of three coupled PDEs in the components of the Cauchy stress tensor, σ . The stresses are expressed in terms of the strains (e i j ) and pressure ( p) by using a linear poroelastic constitutive law x + u(x)) according to
The assumptions for CSF secretion are the same as in SW, in the inner ventricles it is observed to be produced at a constant, roughly pressure independent rate Q p ≈ 500 ml/day (Nolte, 2002) and any absorption or production in the parenchyma has rate s. CSF flow through the brain tissue is modelled with Darcy flow and the permeability, k, is taken as strain-dependent in the form
where the total strain or dilation is defined as
As long as the system of aqueduct and fourth ventricle is open, CSF will run through it. We assume steady Poiseuille flow for which the flow rate Q pois is given by 
with R being a constant resistance.
2.1.1 Governing equations. The system of differential equations for the displacement comes from stress equilibrium and yields three coupled partial differential equations
The non-linear permeability (2.4) combined with Darcy's law and mass conservation yields a PDE for the pressure
Note that we shall apply this equation to the deformed brain configuration, i.e. the pressure derivatives are taken in the distorted brain, whereas the derivatives in (2.8) refer to the undeformed state. At first glance this might seem unnecessary, since the use of small strain elasticity usually implies a negligible difference between deformed and undeformed state. However, although we use the methods of linearised elasticity, the displacements will be relatively large so that for simulations it is more appropriate to interpret (2.9) in the deformed brain configuration.
The four differential equations (2.8) and (2.9) have to be complemented by four boundary conditions at the inner and outer boundary of the parenchyma. At the skull, we assume that the outer surface of the parenchyma is fixed and cannot move. The justification comes from the system of short strands which span the subarachnoid space and fix the brain surface relative to the skull. Of course, this condition does not apply to infants, where the skull's flexibility allows an outward brain displacement, a characteristic feature of infantile hydrocephalus. For adults, though, the skull may be treated as rigid and we consider AN AXISYMMETRIC AND FULLY 3D POROELASTIC MODEL FOR HYDROCEPHALUS 5 of 26 that case here. In Smillie et al. (2005) , the skull was treated as a very stiff elastic shell with negligible difference compared to a rigid skull.
The fourth condition represents a balance of flow rates. The amount of fluid flowing to the skull through the aqueduct plus the amount which passes through the brain parenchyma must equal the absorption rate (2.7) into the blood stream 10) where the last term is a surface integral over the outer brain surface S with unit outward normal n. The blood pressure p bp is assumed not to vary with time, neglecting the pulsatile nature of the circulatory system. The ventricular pressure p v and the subarachnoid pressure p s are constant inside the ventricles and around the brain
For continuity of stresses, the ventricular pressure, exerted by the CSF inside the ventricles on the ventricle wall, must balance the poroelastic stress in the brain tissue. Hence, denoting the unit outward normal to the ventricle wall by n, 13) where the stress-displacement relations give three boundary conditions in (2.13) in terms of the displacement.
The final boundary condition relates the change of ventricle volume to CSF production and drainage and thus introduces a time dependence into the system. The change in ventricle volume dV dt must equal the ventricular CSF production Q p less flow through the aqueduct, less amounts Q s that might be drained by shunts, and less the flow rate into the brain parenchyma
The last term again is a surface integral over the ventricle wall V with unit outward normal n.
In the axisymmetric geometry, we can reduce the complexity of the governing equations by introducing spherical polar coordinates r > 0, θ ∈ (0, π), and angle about the symmetry axis, ϕ ∈ (0, 2π). Let the Cauchy stresses and the displacements in polar coordinates be given by σ i j and u i with i, j = r, θ, ϕ. The cylindrical symmetry around the x 3 -axis implies that the displacement component u ϕ and all derivatives with respect to ϕ are zero. Hence, the differential equations (2.8) and (2.9) become (for further detail see Wirth, 2005) 
with boundary conditions (2.11), (2.12), (2.10) and (2.14). At the skull, r = c,
and, denoting χ = f / f , at the ventricle wall, r = f (θ),
Since the domain of computation in the r -θ-plane exhibits two additional artificial boundaries at θ = 0 and θ = π, we have to define further boundary conditions there. For symmetry reasons, we assume on both boundaries
These equations can be non-dimensionalised using the same scalings as in SW; for brevity, the nondimensional form is not repeated here.
2.1.2 Parameters. By default we shall use the parameter values from Smillie et al. (2005) , who performed a careful parameter estimation with reasonable results. However, we use a different value for the Biot-Willis parameter α and the venous blood pressure, which we shall explain in Section 2.1.3. Parameter M comes from Kaczmarek et al. (1997) . It has to be stressed that up to the present, a fully satisfactory determination of the poroelastic constants has not been achieved so that each value inevitably contains a considerable portion of uncertainty. We shall therefore also examine the effect of changing the Biot-Willis parameter and the permeability near the skull in connection with modelling suggestions for NPH and idiopathic intracranial hypertension (BIH). For convenience, the parameter values are shown in Table 1. 2.1.3 Reassessment of the reference pressure. Assuming the brain to be a biphasic medium implies that stresses are exerted by both phases. More precisely, according to (2.2) the stress is composed of the so-called effective stress σ eff = 2Ge + λ δ within the solid skeleton and of the fluid pressure portion −αpδ, where δ is the identity tensor. To quantify the pressure influence, we require two parameters, the Biot-Willis parameter α (which weights the pressure) and a reference pressure. A common interpretation of α (see, e.g. Levine, 1999 ) makes use of the interstitial fluid increment in the porous medium, which is given by 20) where β is Skempton's coefficient and K = λ+ 2G 3 is the bulk modulus of the solid skeleton. Obviously, for constant pressure p, a dilation change results in a fluid content change ζ = α so that α represents the ratio of fluid content change to total volume change at constant pressure. Levine (1999) proposed to incorporate the vascular system of the brain into poroelastic models by using a non-unit α: if a volume change of the brain is accommodated by not only a change ζ of CSF content but also a similar change ξ of blood content in the brain vessels, α = ζ ζ + ξ is less than 1. An accommodation of brain volume change by interstitial fluid and blood proportional to their volume portion corresponds to α = 0.83. It seems likely that the effect of brain volume changes on the cranial blood volume is dampened by the stiffness of the blood vessels or their active response so that α comes to lie a bit higher. Nevertheless we shall use α = 0.83 in our simulations. A direct measurement of α should be rather difficult to conduct in vivo. Perhaps a determination will be possible by measuring the brain compliance and then relating it to the Biot-Willis parameter via the constitutive law proposed in SW.
The specification of the venous blood pressure p bp as 650 Pa in the parameter estimation by Smillie et al. (2005) inherently implies the use of a reference pressure 650 Pa below venous pressure. However, this choice does not have any effects due to their use of unit α: as can be inferred from governing equations (2.8)-(2.14), all absolute pressures cancel for α = 1, and the remaining pressure differences and derivatives are independent of any reference point. For non-unit α, though, an appropriate determination of the reference pressure is crucial to the model predictions. In poroelastic theory, all pressures have to be measured from the state in which the solid matrix is stress-free. If α = 1, these pressures do not compensate each other, but exert forces onto the solid skeleton, causing a distortion. It is possible to argue for different reference pressures of the brain (of course only if α = 1), in particular there are reasons to assume the reference pressure to be atmospheric pressure, venous blood pressure or normal intracranial pressure. Smillie et al. (2005) use atmospheric pressure, which can be supported by arguing that in early infancy, the brain develops and grows in a near atmospheric pressure environment (Bradbury, 1993) and hence should be stress-free in it.
The venous blood pressure may as well be the reference pressure for two reasons: the venous system in the brain, which probably accounts for a non-unit α and thus for the pressure acting as a force on the solid skeleton, is at venous blood pressure. If this pressure is not completely balanced by interstitial pressure, the brain has to bear part of it and hence is not stress-free. 1 Also, the effect of shunting can be quoted as an argument: shunts usually establish an intraventricular or intracranial pressure near venous pressure. Since at the same time the clinical symptoms of hydrocephalus commonly vanish, we may assume the brain to be stress-free at that pressure. Levine (1999) uses the normal intracranial pressure (or rather subarachnoid pressure) as reference and hence uses the boundary condition p s = 0 instead of (2.10). Again we may argue that during the 8 of 26 B. WIRTH AND I. SOBEY final stage of brain development in late childhood, the brain grows in this pressure environment and hence should be stress-free in it. Furthermore, it seems natural to assume the brain to be stress-free under normal conditions. Also the existence of slit ventricles due to shunt overdrainage suggests that the ventricular pressure established by the shunts already lies below the reference pressure so that the brain gets dragged into the ventricular space. Since this pressure is near venous pressure, the reference pressure has to lie above it. Finally, if the brain is drained from interstitial fluid and blood, it approximately keeps its shape, showing that the intracranial interstitial and the vascular pressure must have balanced each other such that the brain in the cranium was undistorted.
Thus, the value of the reference pressure at which the brain matrix would be stress-free is an open question. In our simulations, we shall pursue the idea of a reference pressure somewhere between venous and normal intracranial pressure so that we set the venous pressure p bp to be negative and its absolute value to be smaller than the normal pressure difference between cranium and blood. The value of −150 Pa is somewhat arbitrary.
Numerical solution methods
The solution to the governing equations is computed numerically in MATLAB. The interconnection between pressure and displacement equation is treated by an iteration between solving both: at each time step, we shall first solve for the pressure in the not yet updated configuration. The pressure is then used in the displacement computation, whose result serves to update the dilation and the domain of the pressure computation. This iteration is continued until pressure and displacement converge so that the next time step can be treated.
In the cylindrically symmetric geometry, the pressure is found via a finite-element scheme based on pressure at deformed coordinates, whereas a finite-difference scheme is used to compute the displacement because of the regular underlying mesh. In the fully 3D case, finite elements are used for all calculations.
In the axisymmetric case, the computational domain in the r -θ -plane is divided into tetragons by equispaced points along some equispaced radii, i.e. for some m, n ∈ N we use nodes (r i j , θ j ) with
Each tetragon is divided into two triangles to obtain a triangulation for the pressure finite-element scheme, which computes a piecewise linear approximative solution to the weak formulation of the equations with boundary conditions: seek 1− f (θ) , θ to obtain a regular mesh. Central finite differences are then used at each internal node and one-sided differences at the boundary to discretise the transformed displacement equation with boundary conditions inr and θ . This yields a linear system (18-diagonal) to be solved for the nodal values of u r and u θ . Finally, the dilation at each node is computed so that it can be used for the pressure computation.
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To simulate the temporal evolution, the time-dependent condition (2.13) is replaced by 
dt . In the 3D geometry both, pressure and displacement, are computed by a finite-element method. The mesh generation on the undeformed brain starts from a regular mesh on a ball of unit radius. In a second step, mesh points of the ventricle walls and the skull are added, whereas those inside the ventricles or beyond the skull are deleted. A Delaunay triangulation then covers the convex hull of all mesh points with tetrahedrons, of which the ones inside the ventricles are deleted. To reduce the computational effort, each node is given two binary bits in addition to its coordinates, encoding whether it belongs to V or S . After each iteration, all nodes are shifted by the computed displacement to obtain the new mesh for the pressure computation.
The weak formulation for the pressure and displacement equations is of the following form: let V be the deformed ventricle wall and B the undeformed brain. Seek p in the Sobolev space H 1 (B ) with p| S = p s , p| V = p v and u i ∈ H 1 (B) with u i = 0 on S such that
Numerical experiments applying the schemes to the spherically symmetric case (where the solution is known) show that the schemes for both the axisymmetric and fully 3D computations are first order accurate in that the error in pressure and displacement linearly depends on the mesh size (see Figs 3 and 4). The reason lies in the ventricle boundary conditions, which involve the first derivative.
As expected, the 2D pressure computation time increases linearly with the number of nodes and therefore quadratically with the inverse of the maximum triangle diameter (Fig. 3) . The displacement computation, however, takes longer. A close analysis reveals that MATLAB needs the additional time to reference the system matrix entries during the assembly. This increased referencing time only occurs for large sparse matrices and hence mainly affects the displacement computation whose system matrix is four times as big as the pressure system matrix. In 3D, where the matrices are even larger, the referencing time completely outweighs all other processes.
Results
In this section, we shall present some general model predictions for the evolution of hydrocephalus. We shall furthermore examine the effect of various model extensions, first in axisymmetric geometries and then in fully 3D geometries.
Axisymmetric simulations
The consensus is that quantitatively accurate predictions for hydrocephalus require precise geometrical modelling of ventricles and brain. However, here we are more concerned with the qualitative effect of different ventricle shapes, e.g. on the fluid distribution, on the location of oedema, on the intracranial pressure or on the ventricle distortion. For this purpose, we shall conduct experiments on a mixture of four different ventricle shapes, displayed in Fig. 5 and given mnemonic names. The ellipsoid serves to examine differences between ventricle wall areas of different convexity, the peanut shape features a slight constriction at its centre, the cross-like shape (remember that this description only refers to the cross-section; the 3D ventricle shape rather resembles two hollow cones) will reveal differences between strongly convex and concave areas, and finally the more moderate, bone-like shape is reminiscent of ventricle images on computed tomography (CT) scans.
3.1.1 Aqueductal stenosis. Figure 6 shows the steady state for the cross shape in the case of a completely blocked aqueduct and no CSF production or absorption in the brain tissue. The simulation predicts a transparenchymal pressure difference of 300-400 Pa and a ventricle wall displacement of around 1 cm, very similar to the values obtained for the plain spherical geometry in SW. Also as in the spherical geometry, the prediction features an almost linear pressure decrease. The linear pressure decrease can be ascribed to the spatial strain distribution: the tissue near the skull is compressed, resulting in a lower permeability and hence a steeper pressure gradient. Near the ventricles, the tangential expansion in some regions produces a volume dilation which results in a higher permeability and thus a lower pressure gradient.
Flow in three sections is shown and the bulk of CSF flux obviously flows along a path from the apex of the cross shape where the lateral stretching is greatest (and hence the permeability highest) as well as the flow path being shorted (see dotted line in Fig. 6 ). There also the volume dilation causes an increased fluid content ζ , a result often observed in contrasted CT scans. The fluid velocity along this line roughly decreases with the square of the radius-as in a spherically symmetric geometry with no source or sink in the parenchyma.
As examined in SW, the shape of the displacement can be associated with a characteristic feature of the strain-dependent permeability (2.4): the fluid flux through the brain tissue is limited, where the maximum possible flux decreases with increasing M or decreasing permeability k 0 . If a larger flux Q p is tried to force through, the permeability at the skull decreases to zero and the model has no solution. If all other parameters remain unchanged, the critical value of k 0 , where solutions cease to exist, is experimentally found to lie around 5 × 10 −15 m 2 and thus within the range of values used in the literature (e.g. Kaczmarek et al., 1997) . While this suggests that a choking effect might possibly occur at a fatal state of hydrocephalus, we however have to ensure that during simulations we remain within the parameter ranges where a solution exists. The ventricle wall displacement and the spatial distribution of pressure, fluid velocity and fluid content are of particular interest in the axisymmetric geometries for they reveal shape-related characteristics which cannot be examined in a spherically symmetric geometry. As can be seen in Fig. 7 , a remarkable feature of the ventricle dilation is that the ventricle walls seem to be shifted outwards almost uniformly; there seem to be no regions which bulge out significantly more than others, irrespective of the used ventricle geometry. In different words, as a good first approximation the distorted ventricle shape can be obtained by displacing each point on the ventricle wall by the same amount normal to the surface. Simulations show that the closer α is to unit value, the more uniform does the ventricle wall displacement become. On the other hand, the smaller α, the more do the ventricles tend towards a rather spherical shape with concave ventricle walls bulging out more than others. An illustration of this behaviour can be seen in Fig. 14 where examples with decreased α are shown. This phenomenon becomes clear noting that for α < 1 the interstitial fluid pressure in (2.13) cannot bear the ventricular pressure alone so 13 of 26 that this pressure acts as a force on the solid skeleton. Areas further away from the skull hence appear softer, because there is more material to compress. The more or less uniform ventricle wall displacement agrees with observation and has led to phenomenological models (Sivaloganathan, personal communication), where the normal velocity of the ventricle wall during evolution or treatment of hydrocephalus is assumed to be constant all over the ventricle walls.
Especially the cross and bone shape reveal that in highly concave ventricle wall regions, where brain tissue is literally surrounded by fluid-filled cavities, the pressure gradient approaches zero (Figs 8 and 9) ; these regions nearly have a constant pressure close to the ventricular pressure. The ventricular pressure itself is of the order of 300-400 Pa above subarachnoid pressure (see Table 3 ). The differences between the ventricle shapes are related to the different minimum distances between ventricles and subarachnoid space and to the overall change in permeability. If the ventricle size is scaled to an initial volume of 25 ml, the pressure values get closer to each other (Table 4 ). The dependence on the initial ventricle volume is even more pronounced in the ventricle enlargement: the larger the initial volume, the smaller the volume ratio (Table 3) , whereas the ratio is much more similar for initial ventricle volumes which have been scaled to the same volume (Table 4) .
The fluid content is increased in regions of highly convex ventricle walls, in particular for the cross and bone shape. This is a manifestation of the strong volume dilation in these areas: as the ventricles enlarge, the tissue near the convex ventricle walls is stretched tangentially so much that the minor radial compression is overcompensated. This increases the porous space and thus the fluid content. More concave regions on the other hand get squeezed with a decreased fluid content, e.g. the constriction in the peanut-, cross and bone shape. This characteristic distribution of fluid content corresponds very well to the location of oedema in hydrocephalic brains, which form especially at the strongly convex ventricular horns. Also the fluid velocity can be seen to be the highest near the protuberances, owing partly to the stronger dilation and hence higher permeability in those regions and partly to the shorter distance to the subarachnoid space and thus steeper pressure gradient.
While the simulation of the hydrocephalic state of the human brain is valuable for its explanations and its predictions, which can be compared to real hydrocephalus, it is practically more relevant to treat the reverse problem of recovering the original, undistorted brain configuration from the deformed ventricle shape and ventricular and subarachnoid pressure. Even more important is the simulation of treatment given a particular ventricle geometry (Sivaloganathan, personal communication): this allows one to predict the time evolution of brain displacement and pressure for each individual patient and might be used to adjust the treatment procedure, e.g. the shunt placement. In our linearly elastic model, this is particularly simple: due to the assumption that the deformed and undeformed configuration sufficiently coincide we may use the same pressure-displacement iteration that we use to compute the hydrocephalic state, only that the displacement is solved for in the deformed domain and that the pressures in the Dirichlet conditions (2.11) and (2.12) are given from measurements. If now the computed displacement is subtracted from the deformed brain shape, we recover the original, undistorted brain. 2 To validate the procedure we conducted experiments, first computing the hydrocephalic configuration from the normal brain and then recomputing the original shape via the method above. The difference to the correct initial shape ranged up to 1.5 mm at the ventricle wall, but was altogether minor compared to the total displacement, justifying ex post the use of linearised elasticity until more adequate constitutive laws become available.
The treatment of choice for hydrocephalus is the insertion of a shunt into the dilated ventricles which drains the fluid build-up, usually into the peritoneal area. To avoid overdrainage or backflow, the shunts incorporate a valve. As long as the ventricle pressure p v lies above blood pressure p bp the valve is open, allowing a flow S whose magnitude depends on the pressure difference ( p v − p bp ). The time evolution during shunting is displayed in Fig. 10 , where the functional form of the flux is taken to be
with S 1 = 1.25 × 10 −10 m 5 /Ns as suggested by Smillie et al. (2005) for ball on spring valves. The timescale of shunt treatment lies in the range of hours and basically only depends on the initial and the final ventricle volume, which can be seen best if all ventricle shapes are scaled to the same volume (Fig. 10) . This seems plausible, since the driving force, the ventricular pressure p v , is similar for all geometries so that differences in shunting time are caused by the different volume.
Most shunts establish ventricular pressures near blood pressure and hence below normal intracranial pressure. Assuming α < 1 then implies that the load on the solid skeleton at the ventricle walls is lower than usual and that the ventricle walls thus bulge inwards. This suggests that there is generally the tendency of overdrainage, resulting in compressed or even slit ventricles.
3.1.2 NPH and BIH. NPH and BIH are two diseases which have rarely been modelled effectively on a mechanical basis. Levine (2000) and SW have made some observations on the basis of a spherical symmetric model. While NPH is a condition where the ventricles are highly enlarged but the intraventricular pressure is normal, some forms of BIH can be regarded as the counterpart in that the intracranial pressure is strongly elevated but the ventricles are not dilated-in fact they often seem diminished and may be barely visible. Both conditions usually remain despite an open aqueduct.
As noted in SW, whether CSF absorption or production occurs in the parenchyma is an open question, here, as in SW, we take up Levine's idea of CSF absorption in the brain tissue (Levine, 1999) and we shall show that under certain conditions, the mechanism of a sink or a source in the parenchyma can be consistent with the observed symptoms of NPH and BIH. Concerning NPH, the lack of a pressure difference between ventricles and subarachnoid space suggests that both regions are communicating via an open aqueduct (compare Section 2.1.2). If now a parenchyma absorption is triggered by an injury or a tumour, CSF will flow from the ventricles into the tissue, causing an outward displacement of the ventricle wall which would be observed as NPH.
The elevated pressure of BIH on the other hand will be modelled by a CSF overproduction in the parenchyma. Although it is well accepted that the main CSF production takes place within the ventricles, physicians believe that up to 25% (Nolte, 2002) or even 50% (Bradbury, 1993) are produced in the surrounding tissue. The resistance to CSF absorption at the skull results in a pressure rise proportional to the overproduction, and the CSF flow from the brain tissue into the ventricles accounts for the slightly smaller ventricles. Additionally, this ventricle compression features a self-amplification: as the ventricle size decreases, the adjacent tissue is compressed, resulting in a smaller permeability and hence a further inward displacement.
Though both mechanisms work in principle, the predicted ventricle wall displacement is too small for NPH and BIH if the grey matter on the outside of the brain is not assumed to be less permeable than white matter. While some fluid enters or leaves the parenchyma at the ventricle wall, a much greater amount flows across the pia mater, the membrane surrounding the brain. This latter flow causes a displacement, partly undoing the displacement at the ventricle wall which is small anyway. By decreasing the permeability in a thin region near the skull, the bulk of the CSF exchange will take place at the ventricles, hence having a more obvious effect. Furthermore, the reverse movement near the skull will be restricted to a thin region, which can only account for a minor compensation. While fluid pressure is effectively uniform in the parenchyma near the ventricle for all cases, the fluid content is not uniform around the interior for cross and bone shapes and is greatest where the lateral stretching of parenchyma is greatest. Maximal values occur near the skull and near the ventricles (lightest is greatest, see also Table 5 and Fig. 12 ). Figures 11 and 12 show the final NPH steady state for a constant CSF sink s = −2.4 × 10 −6 s −1 in the parenchyma, i.e. altogether approximately the entire amount of CSF produced inside the ventricles is absorbed in the brain tissue. The experiment is conducted for a grey matter permeability of k 0 = 1.4 × 10 −16 m 2 , which is the value used by Kaczmarek et al. (1997) . The sink indeed produces a ventricle dilation, while the pressure is the same in subarachnoid and ventricular space (slightly above blood pressure) and achieves a minimum in the parenchyma. As for the case of aqueductal stenosis, the fluid content is increased near convex ventricle regions, agreeing with the location of oedema in real hydrocephalus.
For the parenchyma source the situation is reversed: the pressure achieves a maximum inside the brain tissue, and regions near convex ventricle walls are rather squeezed with a decreased fluid content. It would be interesting to see whether this pattern can be observed on CT scans. Figure 13 Table 6 ). The pressure is the same in the ventricle and in the subarachnoid space and the fluid content does not show azimuthal dependence seen in the blocked aqueduct case.
pressure increase by about 350-400 Pa compared to the case without a source in the tissue. In particular, the BIH simulation for the ellipsoid-and bone-geometry results in almost slit ventricles, matching very well the description of barely visible ventricles. The mechanism of a CSF overproduction rather than the often assumed impaired absorption is not only consistent with the fact that medical reduction of CSF production, e.g. with carbonic anhydrase inhibitors, relieves the high intracranial pressure but also especially with the observation that the brain often is pushed against the skull, in our simulations with compressive stresses of several hundred kPa. While CSF secretion in the brain tissue is likely to be pressure independent as is the production inside the ventricles, an absorption in the parenchyma seems to be more realistic if pressure dependent. Levine (1999) included such a mechanism, basically by replacing the sink −s in (2.9) by κ( p − p bp ), where p bp is the blood pressure and κ an absorption coefficient. A length scale D of how deeply a fluid can penetrate the porous medium is given by D = k 0 µκ . Levine modelled NPH as a combination of an obstructed aqueduct with an efficient (D ≈ 3 mm) CSF absorption in the parenchyma. However, the predicted ventricle wall displacement is very small, and the mechanism needs a blockage of the aqueduct, which is often not the case. An alternative suggestion would be to combine a strongly impaired absorption near the skull (e.g. factor 100) with an open aqueduct and a non-efficient parenchyma absorption (e.g. D ≈ 6 cm), which could be triggered by the high intracranial pressure after the decrease in subarachnoid absorption. The predictions are the same as for the constant sink in Fig. 11 , only the subarachnoid and ventricular pressure now lie at the normal level of ca. 400 Pa above venous pressure (whereas for the constant sink they were about blood pressure).
For a CSF sink or source in the parenchyma to account for NPH or BIH, it is hence necessary to postulate a substantial difference between white and grey matter permeability, grey matter being less permeable by a factor 10 to 100. Such differences have indeed been proposed (e.g. Kaczmarek et al., 1997) but not been verified. A precise measurement of the difference between white and grey matter permeability would be of great help to assess the previous suggestions. Even more important to verify or reject the modelling ideas would be a measurement of the pressure throughout the parenchyma, which has not been attempted yet. Especially a CSF source or sink in the brain tissue could be identified as a pressure maximum or minimum there.
A different approach to reproduce the symptoms of NPH or BIH in a poroelastic model relies on an altered compliance, manifested as a change in the Biot-Willis parameter α (compare SW). NPH would correspond to a decreased α, resulting in a stronger force acting on the solid skeleton at the ventricle wall due to (2.13) and hence in a ventricle dilation despite normal intracranial pressure. On the other hand, BIH with compressed ventricles may come about via α > 1 and an increased intracranial pressure. Equation (2.20) then implies that under isochore conditions, an increase of the interstitial pressure causes a decrease of interstitial fluid content and vice versa. This seems contradictory at first glance, but has been reasonably justified by Levine (2000) with the help of vasodilation under compression.
A reduction in α causing NPH could be associated with an increase in the ratio of blood volume to interstitial volume (e.g. if the brain porosity decreases due to calcification at a high age or if the blood Bateman, 2000) . This implies that concepts of treatment other than shunting would, e.g. include methods to increase the interstitial fluid content.
In our model, a decrease of α below the normal value α n results in an increase in force exerted on the solid matrix at the ventricle wall which is proportional to (α n − α) and to the ventricular pressure p v . Hence, the ventricle dilation will also be approximately linear in (α n − α) and p v . However, the value of p v ≈ 289 Pa in our model is too low to yield a significant ventricle wall displacement (see Table 7 , where the maximum ventricle wall displacement is shown for α = 0.7 and α = 0.6). Nevertheless there may be conditions under which a reduction in α shows a strong effect, e.g. if the reference pressure decreases (and thus p v rises) or if the intracranial pressure rises periodically in form of B-waves (compare, e.g. Bret et al., 2002) , causing a ventricle dilation which does not completely recover due to viscoelastic behaviour of the brain tissue. For BIH on the other hand, if α is slightly larger than 1, e.g. α = 1.1, already small changes in the resistance R (less than factor 10) lead to ventricle compression similar to Fig. 13. 3.1.3 Influence of posture. Comparing the simulated pressure difference between ventricles and subarachnoid space for a blocked aqueduct with the pressure difference between different locations of the brain due to a different water column at these points, we notice that the latter, 'hydrostatic' differences lie around 1-2 kPa and are thus higher than the pressure differences of some hundred Pa we have been looking at so far. The question arises whether these hydrostatic pressures show an effect.
An introduction of hydrostatic pressure into our model must inevitably be accompanied by including body forces into the stress equilibrium, since hydrostatic pressure is just a manifestation of these. Also, there is a further complication concerning the reference pressure since it depends on the venous blood pressure, which also varies spatially due to its hydrostatic component. To avoid spatial variations of the reference pressure, we shall extend our governing equations to incorporate the blood phase. This is done in a phenomenological manner consistent with the previous model equations. Of course we may not expect any influence of posture causally linked to the dead load of the brain, since it floats in a liquid of almost equal density. Hydrostatic pressure differences may affect the brain due to the venous system, which forms a space separate from the interstitial space. A sponge with air pockets serves as a good analogy: the deeper it is pushed under water, the more it is compressed. The following analysis shows that an influence of hydrostatic pressure is only prevented because the venous system also exhibits a similar hydrostatic pressure, counteracting the CSF pressure. However, the analysis does not hold during rapid movements, for instance suddenly changing from lying to standing can result in an identifiable period of pressure imbalance.
The generalisation of Darcy's law to incorporate the hydrostatic pressure component p h = −ρgz (assuming the z-axis to be vertically upwards and denoting gravity by g and fluid density by ρ) states that the fluid velocity is given by
Hence, the pressure differential equation (2.9) changes to
To adjust the equations of stress equilibrium, we introduce the spatially varying brain venous pressure π b . (Note that π b is not related to p bp , which is an averaged blood pressure of the vascular system near the skull, in particular of the dural sinuses. This average pressure will be measured from a different reference pressure.) As before, the internal stress divides up into an effective stress σ eff = 2Ge + λ and a component due to the fluid pressure so that
where δ is the identity tensor. The parameter α still is the Biot-Willis parameter for the CSF pressure p, whereas α b represents a Biot-Willis parameter that weights the influence of the blood pressure π b . The interpretation as isobar ratio between fluid increment and dilation (compare (2.20)) yields for constant pressure
where ζ b denotes the change of specific blood content. Assuming incompressibility of the solid skeleton, = ζ + ζ b and therefore
Both fluid pressures, p and π b have to be measured from the stress-free state. As in the case of α = 1, this offers many possibilities to choose the reference pressures, since the matrix remains stress-free if in the stress-free state p and π b are increased by the same amount. For simplicity, let us in our definition of the reference pressures refer to the hydrostatic indifferent point (HIP) of the human craniospinal system, i.e. the point where venous and CSF pressure stay constant irrespective of posture changes. If the CSF pressure at that point were to change until the CNS tissue is stress-free, then we define the reference pressure for the CSF as the CSF pressure there and the reference pressure for the venous blood as the venous blood pressure at that point. As suggested in Section 2.1.3, the reference pressure for p lies about p = 150 Pa above the reference pressure for π b . The constitutive law (2.2) can be recovered from (3.4) by assuming the venous pressure π b to be constantly zero.
Brain tissue, CSF and blood may well be approximated to be of the same density so that the specific body forces are given by −ρge 3 . By including the new constitutive law (3.4) and body forces into the displacement differential equation (2.8), we obtain
Analogously, the boundary conditions become In each configuration, the ventricle is displaced downwards relative to the case when α = 1 when the ventricles are located centrally in the vertical direction. The four cases are sphere, peanut, horizontally oriented ellipsoid and cross. In the later two cases, there is considerable asymmetry between upper and lower surfaces of the ventricle. (3.13) wherez denotes the z-coordinate of the brain centre, and p s and p v now represent an average subarachnoid and ventricular pressure. If we lay the origin of our coordinate system onto the HIP, the venous pressure is given by
Therefore, the introduction of the variablep := p + ρgz (i.e. the pressure without its hydrostatic component) and of the constantsp v = p v + ρgz andp s = p s + ρgz obviously recovers the old set of equations. 3 Hence, we obtain the same solution as without hydrostatic pressure, only the hydrostatic component −ρgz is superimposed on the pressure. Effectively, this means no change in displacement is caused by different postures, implying that during brain imaging or surgical procedures the patient can be positioned according to convenience. However, this results from the assumption of the CSF reference pressure being closely coupled to the venous blood pressure. If instead the reference pressure was independent of the venous pressure, the displacement would change, yielding an overall downward movement (compare Wirth, 2005) .
In Fig. 14, we illustrate how hydrostatic effects may be significant when α < 1, showing four example axisymmetric configurations when α = 0.9 and when α = 0.8. In each of the cases, the ventricle is displaced downwards as the higher pressure in the lower part of the brain results in greater load being taken up by the matrix of the brain and hence greater deformation. The four cases are for a spherical cavity, a vertically oriented peanut, an ellipsoid with semi-major axes horizontal and a cross-shaped ventricle. In the later two cases, there is significant asymmetry between the upper and lower surfaces of the ventricle and that lower values of α result in these two cases undergoing larger deformation and tending to a more spherical shape.
3D simulations
For our 3D simulations, we are no longer limited in the choice of ventricle and brain geometry. However, because of the long computation time we shall not implement too realistic shapes, but rather restrict ourselves to incorporate some characteristic features of the brain anatomy which we were not able to reproduce before. As mentioned earlier, unless combined with similarly precise physical data, accurate geometrical models can be misleading.
3.2.1 Two lateral ventricles. The first extension concerns the arrangement of ventricles. Instead of one single representative ventricle we shall approximate both lateral ventricles by two bent ellipsoids (Fig. 15) . The second geometrical improvement consists in representing the brain as a sphere whose bottom is cut off. The bottom plane forms the interface between brain and subjacent soft tissue. This calls for a reconsideration of the zero displacement boundary condition at the skull since the brain is not attached to the skull in that region. The opposite extreme of a freely moving surface as in the ventricle boundary condition (2.13) is also questionable for the movement is impeded by the surrounding tissue. Here, we shall conduct two different simulations, implementing either of the extremes. A more thorough analysis would also include the tissue below the brain.
For the fixed brain bottom and a blocked aqueduct, the ventricles appear to enlarge almost uniformly at all points, just like for the cylindrically symmetric geometries. However, the displacement towards each other is little bit smaller, associated with the lack of a pressure gradient between both ventricles. The transmantle pressure gradient of 319 Pa lies in the range of the the axisymmetric results; the ventricular volume almost doubles from 76 to 143 ml with an aspect ratio of V /V 0 = 1.9.
For a loose lower brain surface, the tissue is generally more displaced downwards, stretching the ventricles vertically. At its maximum, the displacement of the brain bottom lies around 1 cm. Again, the ventricle volume almost doubles to 151 ml in the final configuration with a volume ratio of V /V 0 = 2. The transparenchymal pressure drop of 280 Pa is lower than before; due to the free movement of the brain bottom, the tissue is stretched more severely and acquires a higher permeability which in turn produces a lower pressure.
We may suspect the real behaviour of the brain to lie somewhere in between these two results. Figure 16 shows the distribution of pressure and fluid content in transversal cross-sections through the brain, imitating the result of CT scans. As expected, oedema is concentrated in the periventricular tissue.
3.2.2 C-shaped ventricles. The basic shape of a C is prevalent in the brain (Nolte, 2002) , in particular concerning the lateral ventricles where the crescent shape seems to be the most characteristic geometrical feature. It is emulated in the geometry of Fig. 17 . Furthermore, the brain is modelled as a FIG. 16 . Distribution of (a) pressure and (b) fluid content for the geometry with two bent ventricles. The graphs are cross-sections at three different heights. In the lower row, the ventricles are shaded to make the increased fluid content around them more evident. Light areas correspond to higher pressure or fluid content values. flattened ellipsoid with the semi-axes taken from Margulies and Meaney (1998) . This time the initial ventricular volume of 26 ml is closer to the normal value of about 23-25 ml (Nolte, 2002) .
The ventricular volume more than doubles to 59 ml (V /V 0 = 2.3) with almost uniformly enlarging ventricles. The simulation yields a pressure difference of p v − p s = 334 Pa.
For our final simulation, we shall add a third ventricle situated between both lateral ventricles ( Fig. 18) , to see whether the lateral ventricles influence the dilation of the third ventricle. However, this third ventricle seems to dilate as much as the others do, only its position is affected: the third ventricle is shifted a bit forward and down, away from the lateral ventricles (its centre is displaced approximately 4 mm). This movement is associated with the fluid drag exerted by the CSF leaving the lateral ventricles in direction of the third ventricle. The total ventricular volume enlarges from 28 to 62 ml (V /V 0 = 2.2).
Concluding remarks
The main theme of this work has been the examination of poroelastic mechanisms for hydrocephalus in axisymmetric and 3D geometries. Most of the mechanisms, in particular the CSF seepage through the brain tissue after aqueductal stenosis, have previously been suggested and treated in very basic, often spherically symmetric geometries. We have shown that the developed theories remain consistent with the clinical pictures of hydrocephalus when implemented in more complex geometries with nonregular ventricle shapes, and that certain patterns, e.g. the location of oedema or an almost uniform ventricle dilation can be reproduced. The model features a non-linear strain-dependent permeability, which certainly represents an important step towards realistic simulations of hydrocephalus evolution and treatment. Also, it allows for a CSF source or sink in the brain tissue which may be linked with particular forms of hydrocephalus such as NPH, whose symptoms could be reproduced under certain conditions.
The model enabled us to obtain predictions about the spatial distribution of physical variables (pressure, fluid velocity, fluid content) as well as to deduce results of explanatory nature from initial assumptions, e.g. the insignificance of posture changes due to the interaction between vascular and interstitial fluid system.
The concept of investigating the model on two different complexity levels (axisymmetric and 3D) has proven advantageous as general results could be derived and identified more easily in the axisymmetric geometries, whereas the 3D geometries mainly served to implement final refinements concerning the ventricular geometry which could not be realised in an axisymmetric geometry.
As with many previous authors, we have used linearised elasticity. On the one hand, this strongly simplifies the model evaluation, but on the other hand, it is obvious that for such poroelastic models to become valuable predictive tools their accuracy has to be enhanced by using more adequate nonlinearly elastic or even viscoelastic constitutive laws. We also assumed a linear influence of the fluid on the displacement due to a constant Biot-Willis parameter which may not be accurate. Undoubtedly, the experimental determination of a non-linear, fully poroelastic constitutive law for brain tissue would represent a major step towards highly accurate models which might finally be used by physicians to simulate treatment or development of hydrocephalus for each individual patient and thus to optimise therapies.
